We propose two differential equation-based models to investigate the impact of awareness programs on cholera dynamics. The first model represents the disease transmission rates as decreasing functions of the number of awareness programs, whereas the second model divides the susceptible individuals into two distinct classes depending on their awareness/unawareness of the risk of infection. We study the essential dynamical properties of each model, using both analytical and numerical approaches. We find that the two models, though closely related, exhibit significantly different dynamical behaviors. Namely, the first model follows regular threshold dynamics while rich dynamical behaviors such as backward bifurcation may arise from the second one. Our results highlight the importance of validating key modeling assumptions in the development and selection of mathematical models toward practical application.
INTRODUCTION
Over the last decade a number of major cholera outbreaks took place that spanned the continents of Africa, America, and Asia, indicating that cholera, an ancient disease, has re-emerged as a serious public health threat worldwide. Cholera is an acute diarrhoeal disease that can spread rapidly in populations with limited access to clean water and sanitation resources, especially in areas where the public health infrastructure is underdeveloped. The causing agent for human cholera is the bacterium Vibrio cholerae, either type O1 or O139, which can be transmitted both from the contaminated aquatic environment, and from human-to-human contacts such as shaking hands or eating food prepared by infected individuals [15, 24] . About 5% of those who are infected develop severe symptoms including acute watery diarrhea, vomiting, and leg cramps. Experimental studies show that the fecal shedding from infected individuals contain large doses of vibrios, and these freshly shed vibrios have a much higher infectivity (up to 700-fold) than that of the vibrios in the environment [10, 25] .
Several control measures have been recommended in the prevention and control of cholera epidemics. Investment in water and sanitation is the key for long-term cholera control, but it is usually not possible to establish or to maintain necessary hygienic facilities in epidemic and emergency settings. Basic oral rehydration therapy using drinking water with modest amounts of sugar and salt added is credited for saving a huge number of lives and reducing the case fatality rate of cholera below 1% [14] .
Oral cholera vaccines have been successfully deployed in protecting populations at high risk of cholera, and there has been recently renewed interest in mass vaccination under outbreak and emergency settings [21, 22] . In addition, severe cholera patients are treated with antibiotics capable of reducing the duration and severity of illness, though mass administration of antibiotics is not recommended due to the risk of increasing antimicrobial resistance [18] . Many theoretical and clinical studies have been conducted for cholera and its prevention, treatment, and control strategies (a recent review article [25] and references therein). In particular, a number of mathematical models have been proposed and analyzed to understand the disease mechanism, to assess the utility of various control measures, and to predict the occurrence of cholera outbreaks and trends (see, e.g., [2, 3, 15, 24, 26, 28, 31, 32, 35, 36] ).
Non-pharmaceutical interventions such as behavioral change and waste management, on the other hand, play an important role in reducing exposure to infectious agents and hence the disease morbidity and mortality and in shaping the epidemic and endemic patterns. For example, people who are conscious of the infection risk will naturally avoid or reduce contacts with infected individuals and ingestion of contaminated water or food in order to protect themselves and their family members. In case of serious outbreaks, people who have known basic facts about a disease (e.g., transmission modes and symptoms) will attempt to adjust their routine schedules in work, travel and recreation-related activities, to pay more attention to sanitation and hygiene practice (e.g., washing hands often with soap, properly treating disposals from infected individuals), and to receive vaccination or antibiotic prophylaxis, so that their risk of infection could be reduced. Thus, human behavior can contribute significantly toward the control and possible eradication of an infectious disease, cholera in particular, and any efforts motivating such positive changes of human behavior should be promoted.
Creation of disease awareness programs, among others, can be an effective approach to educate the general public on the infection risk and outbreak severity, and to convince people to make necessary changes of their routine behavior so as to reduce the exposure to the causative agent and the possibility of infection. Such programs can be implemented either physically (with health professionals on site), or through news media including fliers, posters, newspapers, television and radio advertisements, with the common goals of communicating basic knowledge of the disease to the public and directing people toward appropriate prevention and intervention during a disease outbreak. The awareness programs for cholera would be especially useful, since epidemic and endemic cholera occur primarily in countries and regions where poverty prevails and where people have very limited access to internet and social media that have been increasingly common in developed countries as the main resource for information update [9] .
Following the pioneering work of Capasso and Serio [4] , Liu et al. [20] , and Cui et al. [7] , there have been quite a few studies on the mathematical modeling of human behavior during disease outbreaks [5, 12, 13, 16, 17, 23, 29, 33, [37] [38] [39] . Among these, we would like to mention those with an explicit assessment of the effect of awareness programs. Misra et al. [23] presented a nonlinear mathematical model that incorporated awareness programs, driven by the disease prevalence, and their analysis showed that the spread of infection diseases can be decreased through media campaigns but the disease remains endemic. Samanta et al. [29] extended the study of Misra et al. [23] by considering that aware susceptible are also vulnerable to disease infection with lower transmission rate than that of unaware susceptible. Kaur et al. [16] modeled and analyzed the effects of awareness programs in reducing disease transmission and spread, using an SIRS (susceptible-infected-recovered-susceptible) compartment system. Yorke and London [38] published an SIS compartmental model with the assumption that only a portion of the entire population respond to the disease outbreak and limit their contacts with the infectives. Zuo and Liu [39] proposed an epidemic model with time delay to study awareness programs, and they found that increasing the program implementation rate and awareness dissemination rate can reduce the disease prevalence.
Our main objective in the present paper is to use mathematical modeling, analysis and simulation to assess the effect of awareness programs in the course of a cholera outbreak, which has not been investigated in prior studies. To that end, we incorporate the number of awareness programs as an additional compartment into the cholera modeling framework that consists of the human hosts and the environmental pathogen (i.e., the vibrios). Thus, the awareness programs are explicitly accounted for in our study. Then the central question becomes: how to represent the impact of awareness programs in our cholera model?
We propose two different, but closely related, approaches to model the impact of awareness programs on cholera dynamics. With the presence of awareness programs, people will gain more information regarding the disease outbreak and will likely adjust their routine behavior to avoid or reduce contacts with infected individuals and/or contaminated environments, leading to lower disease transmission and spread.
Thus, in our first modeling approach, the effects of the awareness programs are reflected by the change of the transmission rates and host shedding rate in the model.
We treat each transmission coefficient as a decreasing function of the number of the awareness programs, and investigate how the varied transmission rates change the epidemics and endemics of cholera. It is somewhat similar to a previous study where transmission rates of the model directly depend on the number of infectives [37] .
In reality, awareness programs, like any other educational efforts, are limited by available resources and many other socioeconomic factors, and it is usually impossible for these programs to reach the entire host population. As a result, people who are involved in the awareness programs will be more informed about the spread and severity of the disease and will more likely to make efforts to keep from catching the disease. In contrast, those individuals who are not reached by the awareness programs will likely lack knowledge of the disease and will possibly make no change of their daily life, so that they will be at higher risk for contracting the disease. Thus, our second modeling approach aims to represent such a limitation of the awareness programs. We divide the susceptible populations into two classes: one for those with disease awareness, and the other for those without awareness. Individuals in these two classes will have different transmission rates, and may switch to each other: unaware individuals may become conscious of the disease through the interaction with the awareness programs, and aware individuals may lose disease awareness after a certain period of time.
We will first present and analyze Model One, where disease transmission rates and bacterial shedding rate decrease with the number of awareness programs. We will study the disease-free equilibrium of the system and its global asymptotic stability when the basic reproduction number is lower than or equal to unity. We will also establish the existence and uniqueness of the endemic equilibrium, and its global stability, when the basic reproduction number is higher than one. With two separate susceptible classes and their different interaction with infected human hosts, environmental pathogen, and awareness programs, Model Two is more challenging to analyze. We will combine mathematical analysis and numerical simulation to gain insight into the dynamics of Model Two. In particular, we will establish that under certain conditions, Model Two exhibits a backward bifurcation, a significant difference from the dynamics of Model One. For the organization of this paper, Sections 2 and 3 are devoted to Models One and Two, respectively. Section 4 concludes the paper with discussion on the findings, implications, and limitations of this work.
MODEL ONE

Model formulation
We start by presenting our first cholera model with the consideration of the impact of awareness programs. Let S, I and R represent the number of susceptible, infectious and recovered human individuals, respectively, and N = S+I+R the total population size. Also let B denote the concentration of V. cholerae in the aquatic environment, and M the number of the awareness programs driven by disease prevalence and media coverage. Susceptible individuals are infected through either human-to-human or environment-to-human route. Infected individuals will recover after a certain period of time, and during the course of infection they contribute (e.g., through shedding) to the growth of vibrios in the environment. Further, we assume that the environmentto-human transmission is subject to a saturation effect of the bacterial concentration.
Thus, we use the following differential equations to describe the change of these variables with respect to time:
Here µ is the natural birth and death rate for the human hosts, K is the half saturation concentration of the vibrios, σ is the immunity waning rate, γ is the rate of recovery from cholera infection, and δ is the removal rate of vibrios from the environment. The number of awareness programs grows with an influx Λ . Meanwhile, it is stimulated by the disease prevalence at a rate η , and decays with time at a rate ν. The parameters β 1 and β 2 are the direct (or, human-to-human) and indirect (or, environment-to-human) transmission rates, respectively, and ξ is the rate of human contribution to the environmental vibrios. We assume that β 1 , β 2 and ξ are all explicitly depending on M and decrease with the growth of M , reflecting the impact of the awareness programs on disease transmission and waste management. Specifically, we make the following assumptions on these three media-dependent parameters:
Basic reproduction number
We will make use of the basic reproduction number [1] , denoted as R 0 , in the analysis of our model (2.1.1). Let us first determine R 0 by the standard next generation matrix technique [8, 34] . Clearly, the system (2.1.1) always has a unique disease-free equilibrium (DFE) at
Since the infection components in this model are I and B, we find that the new infection matrix F and the transition matrix V are given by
. It follows that the next generation matrix is given by
The basic reproduction number of model (2.1.1) is then defined as the spectral radius of the matrix F V −1 , and we find that
which provides a measurement for the disease risk during a cholera outbreak. The first term in R 0 comes from the direct transmission route, and the second term represents the contribution from the indirect transmission route. It is worthwhile to compare this result with the basic reproduction number when the awareness programs are not present and the transmission rates β 1 , β 2 and shedding rate ξ remain
In that case, we have (see, e.g., [24] )
Based on assumption (H2), it is straightforward to observe that R 0 ≤ R 0 , indicating that the presence of the awareness programs leads to a smaller disease risk.
Equilibrium analysis
We now analyze the equilibria of the system (2.1.1) which will provide essential information regarding the long-term dynamics of the disease. Let (S, I, R, B, M ) be an equilibrium of model (2.1.1), which satisfies the following equations
Meanwhile, in view of the first equation of (2.3.2), we obtain
Let us now consider curves S = φ(I) and S = ψ(I). In particular, the intersections of these two curves in R 2 + determine the non-DFE equilibria. Note that
Using assumption (H2) and the fact χ (I) = η/ν > 0, we see that h (I) ≤ 0. This implies that ψ(I) is an increasing function. In contrast, φ(I) is strictly decreasing.
Additionally, one can easily verify that ψ(0) = N/R 0 , φ(0) = N , ψ(N/a) > 0 and φ(N/a) = 0. Hence, we conclude:
(1) If R 0 > 1, these two curves have a unique intersection lying in the interior of In what follows, we perform a study on the global stability of the DFE. 
Theorem 1. The following statements hold for the model (2.1.1).
(1) If R 0 ≤ 1, the DFE of system (2.1.1) is globally asymptotically stable in Ω.
(2) If R 0 > 1, the DFE of system Differentiating L along the solutions of (2.1.1), we have That is, awareness programs can help to reduce the prevalence of cholera.
In addition, we have conducted an analysis on the global asymptotic stability of the endemic equilibrium, and the details are in the following. Essentially, these stability results establish R 0 = 1 as a forward transcritical bifurcation point, or, a sharp threshold for disease dynamics, and indicate that reducing R 0 to values at or below unity will be sufficient to eradicate the disease. In other words, the cholera model (2.1.1) exhibits regular threshold dynamics. Differentiating L along solutions of (2.1.1) and applying all equations of (2.3.1) except the third one, we obtain Thus, the largest invariant set for which L = 0 contains only the EE. Therefore, by MODEL TWO
Model formulation
In this section, we may abuse some notations whose meaning should be clear from the context. In our second cholera model, we divide the class of susceptible human individuals into two groups: one for those people who are aware of the disease, denoted by S a , and the other for those who are unaware of the disease, denoted by S u . Individuals in the S a compartment have lower chances of contracting the disease than those in S u . Unaware individuals may switch to the aware group due to the involvement with the awareness programs, and aware individuals may lose the awareness of cholera after a period of time. The model then takes the form: 
Basic reproduction number
It is easy to verify that system (3.1.1) has a unique DFE:
We find that the new infection matrix F and the transition matrix V for this model are given by:
Then the next generation matrix is
Hence the basic reproduction number R 0 = ρ(F V −1 ) is found as
Again, we observe that the expression of R 0 includes the contributions from both direct and indirect transmission routes. When there are no awareness programs, the formula (3.2.1) is reduced to, by simply setting Λ = 0 or M 0 = 0,
which is identical to (2.2.5), by noting that β 1 , β 2 and ξ correspond to β 1 (0), β 2 (0) and ξ(0), respectively. Comparing R 0 and R 0 , it is obvious that R 0 ≤ R 0 since 0 < α 1 , α 2 ≤ 1, a result that can be naturally expected due to the impact of the awareness programs. Importantly, the basic reproduction of Model Two is always less than or equal to that of Model One with equality if and only if α 1 = α 2 = 1 provided that β 1 = b 1 , β 2 = b 2 and ξ = b 3 .
Endemic equilibrium
We proceed to investigate the endemic equilibrium (EE) of model (3.1.1). For simplicity, we denote
The endemic equilibrium satisfies 
From (3.3.1), we have S u + S a = N − I − R = N − bI, where b = 1 + γ σµ . We denote
and
Then at the endemic equilibrium we have
Since A i > 0 (i = 0, 1, 2), it is straightforward to see f (I) > 0 and f (I) > 0. We further make the following assumption:
It is worth noting that b 1, or equivalently, γ µ + σ , in reality, since the recovery from cholera infection typically occurs in several days [15] , whereas the disease conferred immunity lasts several years and the average natural death occurs in tens of years. Similarly, based on realistic data [6, 15, 24] , we have D 0 1 and thus B 1 B 2 . Therefore, in practical sense, the assumption (C) does not impose a strong restriction on the total population size N . Here we introduce this condition to facilitate our analysis that follows.
Based on assumption (C), we obtain In addition, notice that R 0 = B 0 A 0 N = g(0) f (0) . Hence, the following results can be obtained:
(1) If R 0 > 1, then f (I) and g(I) have a unique intersection in R 2 + .
(2) If R 0 = 1, then there are two possibilities:
(i) If ϕ(0) ≥ 0, these two curves have no intersection in R 2 + ;
(ii) If ϕ(0) < 0, there is a unique intersection in R 2 + .
(3) If R 0 < 1, then there are three possibilities:
(i) If f (I) > g(I) for all I > 0, then there is no intersection in R 2 + ;
(ii) If there exists I * > 0 such that f (I * ) = g(I * ) and f (I * ) = g (I * ), then there is a unique intersection in R 2 + ;
(iii) Otherwise, there are two intersections in R 2 + .
In particular, from cases 3(ii) and 3(iii), we expect that there will be a backward bifurcation under certain conditions, which will make a significant difference to the dynamics of Model One. Below we will provide details of the bifurcation analysis. i.e.,
In contrast, if Φ(0) ≥ 0, (3.4.2) and (3.4.3) imply that dI dR 0 > 0 for all I > 0. Thus, system (3.1.1) has a forward bifurcation that occurs at R 0 = 1 and I = 0. Therefore, we conclude that Φ(0) < 0 is the necessary and sufficient condition under which a backward bifurcation occurs.
Numerical simulations
Due to the complexity of model (3.1.1), particularly its high dimension, stability analysis for the equilibria are challenging. Instead, we have conducted extensive numerical simulations to the model with various parameter sets. The results presented below illustrate a few distinct dynamical behaviors of the system. Figure 3 .1b. We observe that, after the initial outbreak and a few subsequent oscillations, the infection curve converges to I = 0, an indication of the stability of the disease-free equilibrium.
Next, we increase the value of N to obtain R 0 = 0.976, while keeping all other parameters unchanged such that R 0 < R 0 < 1. In this case, a backward bifurcation occurs, and it is expected that the top branch of the positive equilibrium solution In the mathematical sense, Model One is much easier to analyze and the results are standard, namely, the disease dynamics are completely determined by the basic reproduction number: if R 0 ≤ 1 then cholera dies out; otherwise the disease persists.
That is, the first model exhibits regular threshold dynamics. In contrast, Model Two is less trackable, due to the higher dimension of the system and the more complex interaction among compartments. Although rigorous stability analysis has not been resolved for the second model, the mathematical and numerical study has provided a clear picture of its essential, somehow surprising, dynamics. In particular, we have established that Model Two may exhibit both forward and backward bifurcations, a significant difference from the threshold dynamics in Model One. The implication of a backward bifurcation is that reducing R 0 below unity is no longer sufficient to eradicate the disease, which brings an additional challenge to the public health administration on cholera control.
The two cholera models are closely related, as they share the same goal of modeling the impact of awareness programs, but from different angles. It is surprising, however, that these two models undergo very different dynamics and would provide different guidelines in cholera control, should they both be used in practical application. It is not our intention to argue which one is more reasonable, as each model emphasizes its own perspective, and all mathematical models are approximations to the reality. A meaningful criterion, in the practical sense, to compare these two models is to verify which one can better fit the observed data, if available. We plan to pursue such a task in our future research. Bifurcation analysis with respect to a controllable awareness-related parameter could be more helpful in understanding the role of health campaigns. We may extend the second model to account for aware and unaware individuals in the susceptible, infectious, and recovered classes [11] . Regardless, our current study provides a modeling framework to investigate the complex cholera dynamics under the impact of awareness programs, and the findings from both models confirm the positive effect of awareness programs in lowering the infection risk and reducing the disease prevalence. Our present work also underscores the importance of validating key modeling assumptions and connecting models with realistic data, to guide us in the development and selection of better models toward practical application. 
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